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Introduction: Rosenfeld [6] defined the concept of fuzzy group and explained basic results.In
1965 Zadeh [7] mathematically formulated the fuzzy subset concept. He defined fuzzy subset of
a non-empty set as a collection of objects with grade of membership function in a continuum,
with each object being assigned a value between 0 and 1 by a membership function. A note on
ordered semigroups was introduced by [2]. H.Aktas [3] investigated the generalization of fuzzy
subgroups with respect to t-norms.Fuzzy set theory [4] was guided by the assumption that
classical sets were not natural, appropriate or useful notions in describing the real life problems,
because every object encountered in this real physical world carries some degree of fuzziness.
Subgroups and its similarities has been encounter by [5].Further the concept of grade of
membership is not a probabilistic concept. A new type of fuzzy normal subgroups and fuzzy
cossetshas been discussed in [1]. In this article,we introduce the concept of coupled additive
modulo m-dimensional group based on a mathematical tool T-norm. Using this we analyze the

characterizations of coupled additive modulo m- subgroup with suitable examples.

Section-2 Preliminaries

We record here some basic concepts and clarify notions used in the sequel.

Definition-2.1:Let X be a non-empty set. A mapping A: X— [0,1] is called a fuzzy set in X.
Example 2.2: Let X = {a,b, c,d,e}. Then the fuzzy set A in X is defined by

A= {a/0.2, b/0.8, ¢/0.2/d/0.5, e/0.4}.

Definition -2.3: A fuzzy subset A of a group (G, @) is said to be a coupled addition modulo m-
dimensional subgroup of G if for all x,y € G,

(CMG1) A(x @ y)" > inf {A(x"), A(Y™"}

(CMG2) A(-x)™ = A(X™), where @ is the addition modulo of x andy is denoted by x @y and the
inverse of x by —x.

Example-2.4: Let (Z4, k) be a 4- ary group derived from the additive group Z,. It is not difficult
to see that the map A defined by A(0) = 0.6 and A(x) = 0.7 for all x # 0 is a coupled additive
modulo 4-ary subgroup in which for x = 2 we have negative of x is zero and A(-x) > A(X).
Definition-2.5: A triangular norm (briefly a t-norm) is a function T: [0,1]x [0,1]— [0,1]
satisfying for each (x,y,z,p) € [0,1],

TL:T(x,1) =X
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T2: T(x,y) <T(z,p)ifx<zand y<p.

T3: T(X,y) = T(y,X)

T4: T(x, T(y,2)) = T(T(X,y), 2).

Definition-2.6: Let G be a coupled addition modulo m-groupoid and T a t- norm
A function B: G — [0,1] is a subgroupoid of G if for every X,y € G,

B(x @y)" > T(B(x"), B(y™).

Definition-2.7: For eachi=1,23 .......... ,n, let Aj be a coupled addition modulo m- fuzzy sets
Xi. 04,00, ........ , an € K, then

1) W ALID wuAD ......... Do A, A

(2) A(uxi® 0Xo®......... BDonXn)™ > Inf{AL(X{")BAMD. ...... DA(x,™) for all X, Xy,
... Xpe X,

Definition-2.8: Let ® : X— Y be a function for a coupled addition modulo m-fuzzy set Ain'Y,
we define @((A)(X))™ = A(D(x™)) for every x € X.
For a coupled addition modulo m-fuzzy set p in X , ®(B) is defined by

(@(B)"(y) {sup B ifd(z)=y,zeX

=0 otherwise.
Definition-2.9: Let Ay, Ag, ......... An be a coupled addition modulo m-fuzzy sets of X, define
()D(A) = A1DAD ......... An, where @(x1,X2,..... Xn)" = X" X2" ... OXy"

(i) A(Xg, Xo,...... xn) = min {A1(x1™), A2M)...... A(xp")} for all x € X.

3. PROPERTIES OF COUPLED ADDITION MODULO M-FUZZY SUBSET
Theorem-3.1: Let A;, Ay, .....,An be a coupled addition modulo m-fuzzy subsets of the sets G,
Ga, ...... ,Gn respectively.Then

(A1 A, DDA, (Z) = sup { min{ Ar(x1™), Ax(x2™)........ Axa™}

2= X1DX26D....... DxXn

(ADAD ......... @ A" (2) =sup A(X) , X = (X1,Xa,....... Xn) € G™
O(x)= ZD(x) =Z

Since O(x)= O(x1,X2....... Xn) = X1D X2@..... BX,, using definition -2.9
A(X) = A(X,X,...... Xp) = min {A1(x1), Az(X2), ...... An(Xn)}

Then (A1 A2 ....... DA (2) =sup { min{A1(x1), Ax(X2) ,...... An(Xn)}
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Theorem-3.2:Let A;, Ao..... A, be a coupled addition modulo m-groups Gi,Go......Gp

respectively. Then (A1 Ax® ........ @A) is coupled addition modulo group of G;,G.,....... Gn
Proof: we must show that ((A:® Ax® ........ @A) is a coupled addition modulo subgroups of
Gy, Ga,....... Gn

We get

(A1 AD ........ DA™ (X1,X2 ..... Xn) D (Y1,Y2,. ... Yn)

=(AIDAD ........ DA, ) (X1D Y1, XYy, ........ XnYn)

Let (X1 y1, Xo@®Yo, ........ Xn®Yyn)=Z

= sup inf { Ai(X1®Yy1), Az ((2BY2),............ An((Xn®Yyn)}

(X16D Y1, X2@DYso, ........ Xn@®Yyn)=Z

=min {(A1® AxD.......... An) (X1,X2,.... Xn), {(A1D A2®.......... An) (X1,X2,.... Xn)}
Also
(X1 yi1, X2yo, ........ Xn®Yn)= Z= (X1 Y1, Xo®Ys, ........ Xn®Yn)=Z
= sup inf {(A1(X1), Az(X2),....... An(Xn)}
(X1 Y1, X2BYo, ........ Xn@®Yn)=Z
Since (A1 A ........ @®A,)" is coupled addition modulo m-groups of G;
(X1 y1, X2@BYso, ........ Xn@®Yyn)=Z
=sup inf { A1(-X1), Az ((-X2),..veeveennn. An(-Xn)}
(X1 y1, X2®Yso, ........ Xn®Yyn)=Z
= (A1 AD ....... DAL (X1, Xa,....... ,-Xn)
=((A1@ A ........ DA, )m(_ (X1, X2,yeiunnnn. ,Xn))
Thus
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(A AD ........ @A, )" is coupled addition modulo m-group of Gi.

From the following section, we introduce the definition of level cut of coupled addition modulo
m-subgroup.

Definition-3.3:Let A be a coupled addition modulo m-fuzzy subset of a set G, T a t=norm and A
¢ [0,1], then we define A-cut subset of a coupled addition modulo m-fuzzy subset of A as A" =
{xeG/sup T(AX™),r)>L}

x eG

Theorem 3.4: Let G be group and A a A-coupled addition modulo m- fuzzy subgroup of (G,
@) then a A-cut subset A," = {x ¢ G / sup T(A(X™), A ) > A } is A-coupled addition modulom-
fuzzy subgroup of (G , @) where e is the identity of G.

Proof:

Let x,y € Ay . Then sup T(A(X™), A ) > A and sup T(A(y™), L ) > A, since A is A-coupled
addition modulo fuzzy subgroup of (G , @), then A(x ® y) ™> T(AX™), A(y™) is satisfied. This
means

sup T(AX ®Y)™, 2 ) > sup T(T(AK™), AY™), 1)

sup T(A(X™), L) > X or sup T(A(Y™), L) >sup T(A(x™), L) >X and sup T(A(Y™), L) >%r
hence x @y e Ay’ ={x e G/sup TAKX™),A)>1}.

Againx e Ay ={xeG/sup T(AX™),L)>A} implies  sup T(AX™), L) > A

Since A is a A-coupled addition modulo m-fuzzy subgroup of (G , ®) ,A(-x™) = A(x™) and hence
sup T(A(-x™), 1) = sup T(Ax™), L) >\ this means that—x ¢ A’ = {x ¢ G/ sup T(A(X™), L) >
I

Theorem 3.5: Let G be group and A a A-coupled addition modulo m-fuzzy subgroup of (G ,
@), then a A-cut subset A," = {x ¢ G/ sup T(A(xX™), L) >4} . For A ¢ [0,1] is a subgroup of (G,
@) where e is the identity of G.

Proof:

Let x,y € Ay . Then sup T(A(X™), A ) > A and sup T(A(y™), A ) > A, since A is A-coupled
addition modulo fuzzy subgroup of (G , @), then AX ® y)™ > T(Ax™), A(y™) is satisfied. This

means
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sup T(A(X ®y)™, L) > sup T(inf (A(X™), A(y™), 1), where there are two cases

inf(AX™), A(y™) = AX™) or inf(AKX™), A(y™) = A(y) since x, y A," = {x ¢ G / sup T(AKX™), A
)

Also in to case sup T(inf (A(X™), A(y™), 1) >A

Therefore sup T(A(X ®Y)™, L) > A, thus we get x Dy e Ay’ ={x e G /sup T(AKX™),L)>1r}.

It is easily seen that, as above —x ¢ A" = {X ¢ G / sup T(A(X™), L) >4} .

Hence A’ ={x e G/sup T(A(X™),A)>L} is a subgroup of G.

Theorem 3.6: Let A and B be A- cut subset of the sets G and H respectively, and A € [0,1],then A
@ B is also a A- cut subset of G @ H.
Proof: Since any t-norm T is associative, using definition 2.5 and definition-3.3 we can write, the
following statements
sup T((ADB)(x ®y)™, ) > sup T(sup inf (A(x™), B(y™), 1),

=sup T(A(X™) ), sup T(inf (B(y™), 1)
> sup T(AX™), L) = A.

CONCLUSION:H.Aktas [2006] investigated the generalization of fuzzy subgroups with respect
to t-norms. Fuzzy set theory [1980] was guided by the assumption that classical sets were not
natural, appropriate or useful notions in describing the real life problems, because every object
encountered in this real physical world carries some degree of fuzziness. we have discussed the
concept of Coupled addition modulo fuzzy subgroups and suitable examples are given. Also , we
investigate the properties of coupled addition modulo m-fuzzy sets in terms of groups with

respect to suitable norm.
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